ABSTRACT. We show that the normalized topological complexity of the Klein bottle is equal to 4. For any non-orientable surface N g of genus g ≥ 2, we also show that TC(N g ) = 4. This completes recent work of Dranishnikov on the topological complexity of non-orientable surfaces.
INTRODUCTION
The topological complexity of a space X , TC(X ), is a homotopy invariant introduced by M. Farber in [9] in order to give a topological measure of the complexity of the motion planning problem in robotics. We consider here the normalized version of TC, that is, TC(X ) is the least integer n such that there exists a cover of X × X by n + 1 open sets, on each of which the fibration ev 0,1 : X I → X × X , γ → (γ(0), γ(1)), admits a continuous local section. Roughly speaking, if X is the space of all possible states of a mechanical system, then we need at least TC(X ) + 1 rules to determine a complete algorithm which dictates how the system will move from any initial state to any final state. Refer to [10] for further discussion, and as a general reference.
We have, for a CW complex X , the following estimates of TC(X ) (see [9] ): max{cat(X ), zcl k (X )} ≤ TC(X ) ≤ 2 cat(X ) ≤ 2 dim(X ).
Here, cat(X ) is the normalized Lusternik-Schnirelmann category of X and zcl k (X ) denotes the zero-divisors cup-length of the cohomology of X with coefficients in a field k. More precisely, zcl k (X ) is the nilpotency of the kernel of the cup product H * (X ; k) ⊗ H * (X ; k) → H * (X ; k), the smallest nonnegative integer n such that any (n + 1)-fold cup product in this kernel is trivial.
As is well-known, determining the topological complexity of non-orientable surfaces N g has turned out to be a difficult task. For any g ≥ 1, the aforementioned dimensional upper bound and the zero-divisors cup-length with Z 2 coefficients yield 3 ≤ TC(N g ) ≤ 4.
The actual value of TC for N 1 = RP 2 , equal to 3, has been first determined through the Farber-Tabachnikov-Yuzvinsky theorem of [11] relating TC(RP n ) to the immersion dimension of RP n , and later recovered by Costa and Farber [5] through a † D.C. partially supported by NSF 1105439.
‡ L.V. partially supported by Portuguese Funds through FCT -Fundação para a Ciência e a Tecnologia, within the Project UID/MAT/00013/2013. computation of zero-divisors cup-length with local coefficients. Recently A. Dranishnikov established in [7] that TC(N g ) = 4 for g ≥ 5. He also showed in [8] that TC(N 4 ) = 4 and that his methods do not extend to the lower genus cases g ∈ {2, 3}. Since then, only the case of N g with g ∈ {2, 3} and in particular the case of the Klein bottle K = N 2 were still open. Here, we prove: Theorem 1. The normalized topological complexity of K is equal to 4.
As in [5] , our results will follow from computations of zero-divisors cup-lengths with local coefficients. For a discrete group π, we denote by Z[π] the associated integral group ring and by I(π) = ker(ε : Z[π] → Z) the augmentation ideal. We will see that, when π = π 1 (N g ) and g ≥ 2, the fourth power of a particular zero- [5] is not trivial, that is
from which we obtain that TC(N g ) ≥ 4. Our computations will be based on an explicit calculation, in the case of the Klein bottle, of a cocycle representing v 4 and the evaluation of this cocycle on a cycle which is not homologically trivial.
The techniques utilized here inform on the homotopy cofibre C ∆ of the diagonal map ∆ : K → K × K of the Klein bottle. In [7] , Dranishnikov shows that the (normalized) Lusternik-Schnirelmann category of C ∆ is equal to 3. Our methods may be used to recover this result. Discussion of this application will appear elsewhere [4] .
Our results also complete recent work of J. González, B. Gutiérrez, D. Gutiérrez and A. Lara [14] on the higher topological complexity of the non-orientable surfaces. Recall that the s-topological complexity of a space X , TC s (X ), introduced by Y. Rudyak in [15] , satisfies TC 2 = TC. Using the (higher) zero-divisors cuplength with coefficients in Z 2 , the authors of [14] compute TC s (N g ) for any s ≥ 3 and g ≥ 1.
Lastly, in the case g = 2, D. Davis independently develops an alternate approach to the obstruction v 4 based on a △-complex structure of the Klein bottle in [6] .
2. PRELIMINARIES 2.1. Some notations. We recall here some standard notations and fix some conventions we will use throughout the paper. For a discrete group π (with unit 1), we denote byā the inverse of an element a ∈ π and by Z[π] the associated integral group ring. All our Z[π]-modules will be left modules. If M is a Z[π]-module, we denote by M G the coinvariants of M, 
admits a continuous local section.
As in [10] , we will consider the cohomological lower bound of TC given by the zero-divisor cup-length in cohomology with local coefficients. Recall that a local system of coefficients on a space Y is a Z[π 1 (Y )]-module.
Let A be a local coefficient system on X × X and let A|X be the local system on X induced by the diagonal map ∆ :
By [10, Corollary 4.40] , if the cup product of n zero-divisors
In particular, if we take coefficients in a field k (with the group ring Z[π 1 (X ×X )] acting trivially), the zero-divisors can be identified with the elements of the kernel of the cup product ∪ : H * (X ; k) ⊗ H * (X ; k) → H * (X ; k) and [10, Corollary 4.40] specializes to [9, Theorem 7] on the zero-divisors cup-length of H * (X ; k).
In [5] , Costa and Farber associate to a space X a canonical zero-divisor, which we call the canonical TC class and describe next. Let π = π 1 (X ) be the fundamental group of X . Let I(π) = ker(ε : Z[π] → Z) be the augmentation ideal. Recall that Z[π] and I(π) are both (left) Z[π × π]-modules through the action given by:
Here n i ∈ Z and a, b, a i ∈ π. We denote by v = v X ∈ H 1 (X × X ; I(π)) the cohomology class induced by the crossed homomorphism (see [5] or the next section)
The class v is a zero-divisor and from [5] we have:
Then TC(X ) = 2n if and only if the 2n-th power of v does not vanish:
.
is the tensor product of 2n copies of I(π), with the diagonal action of π × π.
If X = N g is a non-orientable surface, it is well-known (and established through an easy calculation) that the zero-divisors cup-length of H * (N g ; Z 2 ) is equal to 3, which implies that TC(N g ) ≥ 3. Therefore, 3 ≤ TC(N g ) ≤ 4 and, if π = π 1 (N g ), Theorem 4 specializes to
We next use the bar resolution to give explicit expressions of v N g and its powers.
2.3.
Bar resolution and canonical cocyle. Let π be a discrete group and X a K(π, 1)-space. In this section we exhibit, for n ≥ 1, a canonical cocycle representing the cohomology class v n ∈ H n (X × X ; I(π) ⊗n ).
Recall (see, for instance, Brown [2] ) the bar resolution B * (π) of Z as a trivial Z[π]-module:
In particular,
is a Z-chain complex that we denote by B * (π; A) and call the bar resolution with coefficients in A. We also consider the Z-cochain complex of cochains with coefficients,
, where δ is given by δ n α = (−1) n+1 α∂ n+1 and A is viewed as a chain complex concentrated in degree 0. A cochain α of degree n is completely determined by a Z[π]-morphism B n (π) → A and will be so indicated. In this way, the (co)homology groups of a K(π, 1)-space X with coefficients in A are given by
Recall also that these (co)homology groups may be computed using Z-(co)chaincomplexes defined analogously to B * (π; A) and C * (π; A) by replacing B * (π) with any other free Z[π]-resolution of Z. In particular we will make use of finite free resolutions in Sections 3.1 and 4. The Alexander-Whitney diagonal is the Z[π]-chain map given by
where the action of
are cochains of degrees i and n − i respectively, their cup product α ∪ β is the cochain of degree n given by
Since B * (π ×π) is, as a Z[π ×π]-chain complex, equivalent to the singular chain complex of X × X, using the proof of [5, Lemma 5] , it is readily checked that the canonical TC cohomology class v ∈ H 1 (X × X ; I(π)) is the class of the canonical cocycle of degree 1, ν :
Using the Alexander-Whitney diagonal we then obtain the following explicit expression of the n-th power of v ∈ H 1 (X × X ; I(π)):
Lemma 6. The n-th power of the canonical TC cohomology class v is the class of the cocyle ν n of degree n given by
where
We will also use the Eilenberg-Zilber chain equivalence
where S i,n−i denotes the set of (i, n − i) shuffles, sgn(σ ) is the signature of the shuffle σ , and
2.4. Corollary 5 revisited. Let X = N g and π = π 1 (N g ). In order to see that v 4 is not zero, it is sufficient to see that the evaluation of the cocycle
on a homologically nontrivial cycle is nonzero. A natural choice for such a homologically nontrivial cycle is a cycle corresponding to the twisted fundamental class of N g × N g . Recall that the twisted fundamental class of
, that is, Z is the free abelian group Z given with the structure of Z[π × π]-module induced by the first Stiefel-Whitney class
Letting t denote a generator of Z, the class [N g × N g ] can be represented by a cycle
The evaluation of ν 4 on Ω Z , which we denote by ν 4 (Ω Z ), is the image of Ω Z under the following morphism:
By Poincaré duality we have an isomorphism
Consequently, Corollary 5 can be continued as follows:
Actually we will see that, for g ≥ 2, ν 4 (Ω Z 2 ) = 0 where Z 2 is equipped with the trivial π × π action and
, that is, the Z 2 fundamental class of N g × N g . The following commutative diagram, in which the vertical maps are induced by the obvious projection Z → Z 2 ,
ensures that ν 4 (Ω Z ) = 0 as soon as ν 4 (Ω Z 2 ) = 0, since Ω Z 2 is the image of Ω Z under the left-hand vertical map. So, Theorems 1 and 2 will follow from the following statement, together with the results of Sections 3 and 4, on the Klein bottle and higher genus surfaces, respectively.
KLEIN BOTTLE
We now consider the special case of the Klein bottle:
Note that G = Z ⋊ Z, where the action of Z = x on Z = y is given by x −1 yx = y −1 . Theorem 1 will follow from Proposition 8 together with the following result we will establish in this section:
Since the action of G × G on Z 2 is trivial, I(G) ⊗ Z 2 can be identified with the
, and we have
We will first determine an explicit expression of a cycle [3] . Explicitly, using the presentation (2) and the fact that G has cohomological dimension 2, a finite, free Z[G]-resolution of Z is given by: By tensoring with Z 2 over G, e 2 gives a cycle whose homology class is the generator of H 2 (K; Z 2 ). Therefore,
induces a representative, κ Z 2 , of this Z 2 fundamental class in B 2 (G; Z 2 ).
Remark 10. The orientation module of the Klein bottle K, Z = Zt, has Z[G]-module structure generated by:
The elements e 2 ⊗ G t ∈ P 2 ⊗ G Z and κ⊗ G t = κ Z ∈ B 2 (G, Z) are cycles representing the twisted fundamental class
where EZ is the Eilenberg-Zilber map (1), which is a chain equivalence. Explicitly: where x 1 = (x, 1), x 2 = (1, x), y 1 = (y, 1), y 2 = (1, y) . Notice that, with this notation
Remark 11. The expression (4) also provides a cycle Ω Z ∈ B 4 (G × G; Z) which represents the twisted fundamental class of K × K. Here, the structure of the orientation module of K × K is given by
Alternatively, one can use the product structure of G × G (or express G × G as an iterated semidirect product of rank 1 free groups and use [3] ) to exhibit a finite,
For instance, one can take F * = P * ⊗ P * , where
, the image of the unique degree 4 generator of F * yields an explicit expression of a representative of the twisted fundamental class of K × K as above.
Explicit expression of ν 4 (Ω). By applying the cocyle given in Lemma 6
to Ω, we obtain the following expression of ν 4 (Ω) ∈ I(G) ⊗4 . Here we only use the relations coming from the relation yxy = x (e.g., yx = xȳ, yx =xȳ, etc.). For convenience in future calculations, we label each term of this expression by (T i ), as indicated in the righthand column.
3.3. Proof of Proposition 9. Recall that ν 4 (Ω Z 2 ) is the image of ν 4 (Ω) in the coinvariants of I(G; Z 2 ) ⊗4 with respect to the G × G action. Considering the image of ν 4 (Ω) in I(G; Z 2 ) ⊗4 permits us to forget the signs in the expression above. We will carry out further projections which will enable us to see that this element is not zero. The major reduction comes from a projection onto the third exterior 
We also observe that, if ρ : G → H is a homomorphism, then we have a commutative diagram
we will use is the composition of the following two projections: (
Through manipulations in 3 I(D; Z 2 ), together with the fact that we are working with Z 2 coefficients, we can see that
• p(T i ) = 0 for all T i except for T 1 , T 6 , T 10 , T 15 , T 19 and T 24 ;
We thus obtain that the image of ν 4 (Ω) under the projection p is the element
As a consequence, ν 4 (Ω 
and that, consequently, a basis of the Z 2 vector space I(D; Z 2 ) is given by the elements This description follows from the fact that y n x − 1 = (y n − 1)x + (x − 1) and that, in J, we have 
